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Abstract

Bessel beams are optical fields which falls into the category of non-diffracting beams.

Vector Bessel beams are vector beams possessing cylindrical symmetry. Cylindrically sym-

metric beams tend to have a tight focal point during propagation. The tight focal beam

nature of vector Bessel beams makes them a good potential in various facets of science such

as biological optical trapping, wireless communications, remote sensing, microscopy etc. In

this research work, vector Bessel beams were generated using the phase of an Axicon that

was encoded into a spatial light modulator. Firstly, scalar Bessel beams which possess lin-

ear polarization were generated and converted to circularly polarized vector beams by the

use of a q-plate. The orbital angular momentum (OAM) modes that are embedded in the

vortex beams were detected using modal decomposition technique. This was implemented

for both the scalar and vector case using a quarter wave plate. The measure of the degree of

non-separability of the vector Bessel beams using tomographic quantum tools was also im-

plemented where the density matrix was reconstructed. The concurrence and fidelity which

explore the measure of vectorness of both scalar and vector Bessel beams were calculated

from the density matrix. The obtained results show that the spatial modes and polarization

are coupled in the vector case as expected.
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Summary

Non-diffracting vector Bessel beams are vector beams possessing cylindrical sym-

metry. Cylindrical symmetric beams tend to have a tight focal point during propagation.

The tight focal beam nature of Bessel beams makes them a potential resource in various

avenues of science ranging from optical tweezing to microscopy. Vector beams have also

proved to be useful in optical communication. Information can be encoded in the orbital an-

gular momentum (OAM) of the beam and thus can be used to transport information across

reasonable distances without diffracting.

The goal of this project is to generate and detect vector Bessel beams using digital

Axicons. In chapter one, a brief overview of Bessel beams is presented. This is followed by

problem statement, aims, objective, materials and methods that is intended for the research

work.

In chapter two, the characteristics of Bessel beams is presented, this is followed

by an overview of orbital angular momentum, vector fields and their polarization. This is

followed by a brief review of cylindrical vector beams and their mathematical implications.

A review of spatial light modulators (SLMs) and how they can be used in the

generation of Bessel beams alongside Axicons and annular slits is presented in chapter three.

Experimental work regarding the generation of scalar Bessel beams using the phase of an

Axicons encoded into an SLM is presented. The OAM constituent of the scalar Bessel beams

was detected using the technique of modal decomposition.
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In chapter four, q-plate and its working principle is presented. The experimental

work involving the generation of vector Bessel beams using the aforementioned birefringent

material otherwise called a q-plate is presented. The q-plate introduced OAM into the light

beam and the OAM components of the vector beam was detected using modal decomposition.

A quarter waveplate was used to decompose the vector beam into two linearly polarized scalar

beams and modal decomposition was independently performed on the scalar beams. The

results obtained was in correlation with literature.

The vectorness which involves the measure of the non-separability of the spatial

mode and polarization state of vector beams was also measured using quantum tomography

tool. Vectorness of the vector beams can be visualized as entanglement of quantum states.

A density matrix was reconstructed from the quantum tomography measurement. The

concurrence C which is the measure of the degree of entanglement was calculated from the

density matrix. Depending on the coupling of the entangled state, the concurrence ranges

from 0 to 1. The states are unentangled (scalar beams) if the the value of concurrence

approaches 0. Fidelity F which is the measure of the closeness of the non-separability of

the spatial mode and polarization was also calculated from the density matrix. Both values

were found to be C = 0.76 ± 0.01 and F = 0.86 ± 0.01 respectively. In the scalar case, the

values obtaind are C = 0.05 ± 0.01 and F = 0.06 ± 0.01 respectively. These values are in

good agreement with literature as expected.
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Chapter 1

Introduction

The theory of rectilinear propagation of light stipulates that light travels along

a straight path, however, it diffracts when it encounters an obstacle during propagation

[Stamnes, (1986)]. Bessel beams are non-diffracting light fields with beams of infinite rings

covering an infinite propagation distance with infinite amount of energy (in terms of the

beams wavelength with the centre of the beam having a diameter of about three-quarters of

the wavelength). Bessel beams (BBs) are not affected by a transverse spread after undergoing

a long distance of propagation along a plane with relevant energy density and well defined

intensity distributions [Durnin et al., (1987)]. The Bessel beam amplitude is described by

the Bessel function and Bessel beams are generally solutions to the Helmholtz wave equation

[Griffiths and Reed, (1999)] given as:

(∇2 + k2)E(x, y, z) = 0 (1.1)

where k = 2π/λ is the wave number. Bessel beams are used in many applications such as

in optical tweezing [Arlt et al, 2001], precision drilling [Kohno, M. and Matsuoka, Y., 2004]

and transferring of encoded data [Garcés-Chávez, V. et al, (2003)]. The data carrying ca-

pacity of Bessel beam is a function of its property to retain its shape after long distance of
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propagation. Bessel Beams are beams whose electric field can be described by

E(r, ϕ, z) = E0 exp(ikzz)J0(krr) (1.2)

where E0 is the amplitude of the optical wave, kr is the radial wave vector which depicts the

spacing between the rings, kz is the longitudinal wave vectors, r is the transverse coordinate

and z represents the direction of propagation, J0(krr) is the zeroth-order Bessel function of

the first kind describing the behaviour of the optical field [Duocastella and Arnold, (2012)].

1.1 Problems statement

Vector Bessel beams can be described as having a coupling of spatial modes with

inhomogenous state of polarization. They propagate better through atmospheric turbu-

lence due to temperature fluctuation and this makes them very useful for wireless optical

communication and remote sensing and they also produces tight focusing which are very use-

ful for micro-particle manipulation [Arlt et al, 2001, Kohno, M. and Matsuoka, Y., 2004].

Generating Bessel beams experimentally can be rather difficult due to the infinite en-

ergy requirement. The energy in the beam is expected to propagate to infinity hence

requiring an infinite energy source. An experimental setup for the generation of Bessel

beams that satisfies the energy and propagation distance requirement is highly unlikely

[Arlt, J., and K. Dholakia, (2000)]. In most cases, a quasi-Bessel beam is used. This is like

an approximation of a Bessel beam which has the behaviour of BBs but with finite distance.

Various methods for generating Bessel beams has been explored previously [Litvin et al., (2015),

?, McGloin and Dholakia, (2005)]. Recent research on Bessel beam generation involved

physical Axicons and these Axicons are difficult to align. However, in the case of a dig-
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ital Axicons, it is much easier to implement experimentally. Where other researchers used

the digital method, emphasis was not given to vector Bessel beams rather scalar beams.

Furthermore, where vector Bessel-beams [Dudley et al., (2013)] were generated, digital Axi-

cons were not used but rather digital annular slits were utilized. Although digital annular

slits and Axicons yields the same result, digital Axicons proves more convenient. In all these

cases, the measure of vectorness were not considered. In this research work, the following

questions were answered.

• What is the proposed method for the vector beam generation?

• How will the beams be detected?

• How will the vectorness of the vector Bessel beams be measured?

1.2 Aims and Objectives

This project was aimed at exploring novel ways to generate, detect and test vector

Bessel beams. To achieve this aim, the following objectives were set:

• To generate Bessel beams using both geometric and dynamic phase of light.

• To generate vector Bessel beams using a q-plates which is a birefringent optical device.

• To detect Bessel beams by analysis of their amplitude and phase.

• To use quantum tomography tools to test the vectorness of these beams.
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1.3 Materials and Methods

Different optical elements such as mirrors, lenses, spatial light modulators amongst

others were used. The experimental procedures includes:

• Generation of Bessel beams using optical elements.

• Detection of the orbital angular momentum modes using modal decomposition tech-

nique.

• Measurement of the degree of non-seperability of the vector beams using quantum

tomography tools.

1.4 Structure of the dissertation

The structure of the research is such that; in chapter one, Bessel beams are intro-

duced with emphasis on the aims and objective with materials and method of the research

work, chapter two deals with the characteristics of Bessel beams with emphasis on vector

fields and polarization of the vector fields. Chapter three focuses on the overview of scalar

Bessel beams as well as the method of generation and detection. Experimental procedures

and results are also presented in this section. Chapter four covers the generation and detec-

tion of vector Bessel beams alongside the measure of vectorness of the Bessel beams (both

scalar and vector cases). Chapter five gives the conclusion of the entire research as well as

future work.
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1.5 Summary

Bessel beams are nondiffracting optical fields which are solutions to Maxwell Hel-

moltz equation. A brief overview of vector Bessel beams was presented with the current

trend in the generation techniques of Bessel beams. Problem statement, aims and objectives

as well as the methodology that was explored in the research work were briefly presented.
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Chapter 2

Bessel beams and their characteristics

2.1 Introduction

Bessel beams are categorized into the family of non-diffracting beams with infinite

number of rings propagating over an infinite region with an infinite amount of energy. Bessel

beams are characterized by beam robustness, phase dislocation, beam energy e.t.c [?].

2.2 Characteristics of Bessel Beams

Bessel beams exhibit some features that makes them unique as compared with other

beams such as Gaussian, Hermite-Gaussian and Laguerre-Gaussian beams. Some of these

characteristics are given below :

Beam robustness is the resistance of BBs to amplitude and phase distortions. The

transverse intensity profile is usually not interfered by non-transparent obstacle that is gen-

erated during propagation through free space and is referred to as self healing effect. This

self-healing effect results in the restoration of the beam initial transverse intensity profile af-

ter certain distance behind the distorting obstacle. Figure 2.1 illustrates how the self-healing

process of Bessel beams evolves.

Figure 2.1 shows how some of the incident light is blocked by the obstacle during
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d

θ

Figure 2.1: Illustration of the reconstruction of BBs after encountering an obstable, the
diamond-shaped region after the obstacle represents the reconstructed Bessel beams. zmin
is the minimum distance after which the beams starts reconstructing, d is the diameter of
the input beam and θ is the Axicon opening angle. The optical field after the Axicon are in
the form of conical waves and they propagate around the obstacle and reconstructs a Bessel
beam profile [Bouchal, 2003].

propagation. The distortion created by the obstacle leads to a shadow region zmin (minimum

distance after which the BB starts reconstructing after the obstacle). The shadow region

occurs till the light beams reconstructs. The minimum length of the shadow region is given

by :

zmin = d

2 tan θ (2.1)

where the parameters d is the diameter of the obstacle which is enough to block the centre

of the propagating beam and θ is the axicon angle [Arlt, J., and K. Dholakia, (2000)].

Beam Energy is the power of the beam which is circulated around the rings of the BBs.

The energetic property of BBs can be ascribed to the Poynting vector P . The Poynting

vector indicates the energy flux density in terms of energy transfer. The Poynting vector is

given as:

P̂ = E ×H (2.2)

where E and H are the electric field and magnetic field vector respectively. The Poynting

vector can be decomposed into transverse (PT ) and longitudinal (PL) components and is
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given as:

P̂ = PT + PL (2.3)

The transverse component can be further decomposed into

PT = Pl + Pϕ (2.4)

where Pl is the radial component and Pϕ being the azimuthal component. If Pl = 0, the

electromagnetic energy can flow in the azimuthal direction [Bouchal et al., (1998)].

Phase dislocation is the phase singularity of light beams. By singularity, it implies that

the beam has an imperfection in its wavefront i.e a screw-type defect. The amplitude of the

beam at that particular phase is zero thereby producing an optical vortex. It is expected

that the amplitude of the optical field tends to zero. The zero amplitude yield a zero complex

and imaginary component and an infinite phase defect [Basistiy et al., (1995)]. This vortex

behaviour is usually termed wavefront dislocation. BBs tend to have phase dislocation, the

complex amplitude of the field is given as:

U(x, y) = Jn(x, y) exp
[
in arctan

(
y

x

)
− kzz

]
(2.5)

where Jn(x, y) is the Bessel function of the order n with n ⊂ Z. arctan
(
y

x

)
and kz are the

topological quantum number and propagation constant respectively [Schwarz et al., (2002),

Bouchal et al., (1998)]. The wave front dislocation can be easily measured using an interfer-

ometer [Berkhout G. and Marco W., (2010)].
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Free-wave mode decomposition is the decomposition of light beams into plane waves.

BBs exhibit a special mode in cylindrical coordinate such that it decomposes into other

cylindrically symmetric wave fields. Consider a spherical wave given as:

eiwR/v

R
= 1

2π

∫ ∞
∞

dk1dk2
1
k3
ei(k1x1+k2x2+k3|x3|) (2.6)

Where k3 = (w2/v2 − k2
1 − k2

2)1/2 with ik3 > 0 and k3 > 0. A spherical wave can also take

the form:
eiwR/v

R
= i

∫ ∞
0

dkr
kr
k3
J0(krr)eik3|x3| (2.7)

Where k2
r = k2

1 + k2
2 is the wave number, J0 can be written in terms of the Hankel first and

second kind given as:

J0 = 1
2(H(1)

0 +H
(2)
0 ) (2.8)

Equation 2.7 is similar to Sommerfield integral. An obvious observation is the decomposi-

tion of the spherical wave into cylindrical or conical waves. The wave mode decomposition

property can be applied to the Hankel function of the first and second kind [Nowack, (2012)].

In general, the described characteristics makes Bessel beams very useful in various

areas of science . For instance, the beam robustness property enables the beam to be used for

optical trapping. In terms of free wave mode decomposition, the beams are assumed to have

series of concentric rings which enables the carriage of energy between the rings and gives rise

to a large propagating distance. The free wave mode decomposition property also enables

Bessel beams to be used for seismology and geophysical reflective techniques. The decom-

posed spherical waves can be decomposed into a series of conical waves to either transmit,

reflect or reverberate in layered mediums during geological probing [Chávez-Cerda, (1999)].
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2.3 Orbital angular momentum (OAM)

Optical fields has angular momentum which can be classified into spin and orbital

angular momentum. Spin angular momentum is associated with polarized light while orbital

angular momentum is associated with the phase structure of the light. Beams with an

azimuthal phase of (exp ilφ) carries orbital angular momentum, where l is the azimuthal

indices and can have any integer number and φ is the azimuthal angle. Like the spin angular

momentum with ~k per photon, that of orbital angular momentum has L = l~ per photon

[Padgett et al., (2004)]. Figure 2.2 shows the helical phase front as a feature that describes

a beam with orbital angular momentum in relation to its azimuthal indices.

Figure 2.2: The helical phase front depending on the azimuthal indices (a) l = 0, (b) l = 1,
(c) l = 2 (d) l = 3 [Padgett et al., (2004)].

For light beams having helical phase fronts, the azimuthal angle parameter pro-

duces an OAM which is parallel to the light beam axis during propagation. The beams con-

tain optical vortex characteristics or phase singularities (null intensity and non-zero phase)
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[Yao et al., (2011)]. These beams are usually called Laguerre-Gaussian (LG) modes. How-

ever, there are beams without helical phase dependence that can also carry OAM, example

is the Hermite-Gaussian (HG) which is a product of a Hermite polynomial and Gaussian

mode. As light propagates from a laser pump for instance, there is an expansion in the

beams magnitude and phase at different position in its cross-section and these are usually

described by mode functions. In the case of a cylindrical LG mode, it has an exp(−ilφ)

phase factor and this is the feature that makes LG beams suitable for describing light beams

which carry OAM [Padgett et al., (2004)].

2.3.1 Generating beams with orbital angular momentum

Some beam-type do not possess helical phase variation, such beams have spin angu-

lar momentum. Spin angular momentum related beams depends only on polarization, both

HG and LG can have spin angular momentum. These beams are generated using quarter

wave plate in the experimental setup. The quarter wave plates convert linearly polarized

light into circularly polarized light [Trager, (2007)]. Other methods that can be used in

generating beams with helical phase involves the use of microfabricated phase plate with a

radial or azimuthal-type linear analyzer [Moh, K., et al, (2007)], segmented varying retarder

[Lai, W. et al., (2008)], numerically computed holograms e.t.c. The method of microfab-

ricated phase plate technique involves using a laser beam with circularly polarized beam

alongside a fabricated plate. The obtained results yields a polarization which produces an

axial symmetric and tightly focused beams. With a segmented spiral retarder, the technique

involves converting a linearly polarized Gaussian beam into a radially polarized beam using a

eight-segmented spiral varying retarder made from α− barium borate crystal. The obtained

beam can be easily switched from radial to azimuthal vector beams.in the case of computer
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hologram, the holograms can generate several type of beams with desired OAMs. Figure 2.3

shows the generation of helical phase beams using digital holograms [Yao et al., (2011)]. In

Figure 2.3: Illustration of the generation of helical phase beams using digital holograms
encoded with exp(ilφ).

general, beams carrying OAM are perfect carriers of high-dimensional quantum information

which makes such beams very useful in optical communications i.e their eigenstates in terms

of photons are useful in quantum information processing.

2.4 Vector fields and their properties

Vector fields represents the optical fields lines propagating from a source which can

be a diode laser pump. The vector fields have both intensity and phase. Another property

of vector fields is its polarization.

Generally, optical fields can either be scalar or vectorial in nature depending on the

state of polarization. Scalar fields possess spatially homogenous state of polarization. At

different point in the scalar field cross section, the state of polarization of the fields remains

unchanged. This property is basically the reason for characterizing scalar fields as partially

or unpolarized optical fields [Wang et al., (2010)].

In the case where the state of polarization is spatially inhomogenous, a vector

field is created. The field cross section can either be aligned in the radial or azimuthal
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direction. When the field cross section is aligned in the radial direction and applied to an

object with high numerical aperture, the radially polarized vector fields can generate a strong

longitudinal electric field in the central point of its focal plane. This property results in a

tight focal spot. In the case of azimuthally aligned fields, the azimuthal vector field tend to

have a hollow dark spot. This hollow dark spot is often referred to as vortex or singularity.

At this vortex point, there is a zero intensity. Figure 2.4 illustrates the radial and azimuthal

vector fields.

Figure 2.4: Illustration of a vector fields with alignment in the radial azimuthal direction.

As a result of the tight focusing feature of the vector fields, they are very useful

in focusing applications such as optical 3D cage [Guo, Hanming, et al., (2011) ]. Azimuthal

vector fields having singularity at their central cross-section are also assumed to carry orbital

angular momentum and applicable in optical information processing [Wang et al., (2010)].

2.4.1 Polarization of vector fields

Polarization of electric fields stems from vector fields which describes electric fields

propagating along a distance. These electric fields are solutions to Maxwell homogenous

equation with constant direction of propagation as depicted in equation 2.9 [Erikson and Singh, (1994)]
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as :

∇ ·B = 0, ∇× E + ∂B

∂t
= 0 (2.9)

Most plane waves are either linearly (apex of the electric field oscillates in a line), elliptically

( apex of the electric field moves on an ellipse) or circularly (with circular cross-section)

polarized as shown in Figure 2.5[Iizuka, (2002)]. These forms of polarization are usually

Figure 2.5: Different forms of scalar polarization of light : linear, circular and elliptical
polarization respectively.

termed spatial (scalar) homogenous state of polarization. These states do not depend on the

spatial direction of the beam cross-section (shape of the beam) [Zhan, 2009]. For a plane

wave propagating in the z-direction, the electric field is given as:

Ê = Ê0e
(ikz) = Ê0e

i2πnz
λ (2.10)

Where Ê0 is a constant vector representing the amplitude of the wave at z = 0, n is the

refractive index of the material of interest. If n is complex such that :

n = nr + inI (2.11)
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where nr is the real part and nI is the imaginary part. The imaginary part of n can be

derived from extinction and absorption coefficient α given by :

α = 4π
λ
nI (2.12)

the amplitude decreases exponentially and the wave equation becomes

Ê = Ê0e

−αz
2 e

(i2πnz)
λ (2.13)

After a distance of z = 1/α, the absolute value of energy
∣∣∣Ê∣∣∣2 reduces to 1/e of the initial

value. This means that the extinction of a plane wave can be accounted for by assuming

a complex refractive index. The real part of the field accounts for the normal refractive

properties of material of interest and the imaginary part account for absorption. If nI > 1,

then the wave only propagates through the material for a fraction of wavelength before the

electromagnetic vector becomes negligible. This is an indication that polarization plays an

important role in understanding the vector properties of light as it passes through materials

[Trager, (2007)].

2.5 Cylindrical Vector (CV) Beams

Cylindrical vector beams are classes of vector beams possessing cylindrically sym-

metric (constant radius and angle inclination independent) electric field with radial and

azimuthal polarization. These kind of beams satisfy the axial symmetry condition (un-

changed if rotated around an axis) [Ito et al., (2010)]. Figure 2.6 is an illustration of the

radial and azimuthal polarization state of a CV beam. The polarization state of CV beams
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has depedence on the alignment of the field. For instance, when the polarization of a beam is

aligned in the radial direction, one have a radial polarization likewise having an electric field

in the tangential direction which gives an azimuthal polarization [Beresna et al., (2015)].

Figure 2.6: Diagram shows the distribution of polarized beams with (a) radially(b) az-
imuthally and (c)linearly superposition [Zhan, 2009].

Due to its cylindrical symmetric characteristics which gives a tight focused beam,

CV beams have found use in practical applications such as imaging, machine particle trap-

ping, data storage and sensing [Zhan, 2009].

CV beams are vector-beam solutions to Maxwell equations with axial symmetry in

terms of amplitude and phase. Consider the scalar Helmholtz equations given as:

(∇2 + k2)E = 0 (2.14)

and an electric field represented by the wave equation given as:

E(x.y, z, t) = u(x, y, z) exp[i(kz − wt)] (2.15)

Using the method of slowly varying envelope approximation, one can have

∂2u

∂2z
� k2u,

∂2u

∂2z
� k

∂u

∂z
(2.16)
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Substituting 2.15 into 2.14 with some algebraic manipulations give

∂2u

∂x2 + ∂2u

∂y2
+ 2ik∂u

∂z
= 0 (2.17)

which leads to

∇2u− 2ik∂u
∂z

= 0 (2.18)

where ∇2 = ( ∂
2

∂x2 ) + ( ∂
2

∂y2 ) is the Laplacian operator and equation 2.18 is the Helmholtz

equation from the paraxial limit. Equation 2.18 is not enough to describe the polarization

of scalar and vector beams. The paraxial wave equations has solutions to the complete

orthogonal basis for arbitrary paraxial beams which is the Hermite-Gaussian modes. With

the slowly varying approximation, the Hermite-Gaussian mode UHG
mn can be evaluated as:

UHG
mn = N

(1 + it)N/2

(1− it)N/2+1Hm(
√

2u√
t2 + 1

)Hn(
√

2v√
t2 + 1

) exp
(
−(u2 + v2)

(1− it)

)
(2.19)

Here, normalized coordinates are used i.e u = x/w0, v = y/w0 and t = z/zR, N is the

normalization constant, Hx denotes the Hermite polynomials, m,n are integers so that if N

is the total order of the polynomials, then m+ n = N . From this general Hermite-Gaussian

mode equation, it is possible to compute the fundamental Gaussian mode equations with

solutions that satisfy both scalar and vector polarization. Consider the Hermite differential

equations given as:
d2Hm

dx2 − 2xdHm

dx
+ 2mHm = 0 (2.20)

The general solutions for the Hermite differential equation is given as:

Hm+1 − 2yHm + 2mHn−1 = 0, Hm+1 + 2yHm − 2mHn−1 = 0 (2.21)
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with set of polynomials of

H0(y) = 1, H1(y) = 2y (2.22)

In light of this, the Hermite-Gaussian mode HGmn which is a solution satisfying equation

2.20 can be derived as:

u(x, y, z) = E0(x, y, z)HmHn
2

w(z)
√
xy

w0

w(z) exp[−iϕmn(z)] exp
[
i
k

2q(z)r
2
]

(2.23)

Here E0(x, y, z) is the constant electric field amplitude, w(z) is the beam size, w0 is the

beam size at the beam waist, q(z) is the complex beam parameter given as q(z) = (m+ n+

1), arctan z

z0
denotes the Guoy phase shift, Hm(x) is the Hermite polynomial which satisfies

the differential equation [Zhan, 2009]. In a situation where m = n = 0 and considering the

set of polynomials, the solution becomes

u(r, z) = E0
w0

w(z) exp[−iϕ(z)] exp
[
i
k

2q(z)r
2
]

(2.24)

Equation 2.24 is the solution for a Gaussian beam with φ(z) = arctan
(
z

z0

)
which is the

Guoy phase shift for Gaussian beams. Considering Laguerre differential equation given as:

x
d2Llp
dx2 − (l + 1− x)

dLlp
dx

+ pLlp = 0 (2.25)

having associated solutions given as:

x(p) = e−p/2plL2l+1
λ−l−1(p) (2.26)

In light of this associated solution and with cylindrical coordinate for beam-like paraxial
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solutions, a Laguerre-Gauss (LGpl) mode can be derived as :

u(r, ϕ, z) = E0(r, z)(
√

2 r

w(z))lLlp(2
r2

w2 (z)) w0

w(z) exp
(
− kr2

2q(z)r
2
)

exp(−ilϕ) (2.27)

where Llp(x) denotes the Laguerre polynomials, ϕpl(z) = (2p+ l+1) arctan
(
z

z0

)
is the Gouy

phase shift for l = p = 0. The solution also reduces to the fundamental Gaussian beam

solution given as:

u(r, z) = E0(r, z) w0

w(z) exp
(
− kr2

2q(z)r
2
)

(2.28)

These solutions 2.24 and 2.27 represents the paraxial beam-like solution which correlates to

scalar beams.

For vector beams, consider the electric field wave equation given as

∇×∇× ~E − k2 ~E (2.29)

Under paraxial slow-varying envelope approximations and considering cylindrical coordi-

nates, one can have an equation that satisfies the equation 2.29 given as:

1
r

∂

∂
(r∂U
∂r

)− U

r2 + 2ik∂U
∂z

= 0 (2.30)

with an axial symmetry (around the axis), one can have an electric field solution from

equation 2.30 that is aligned in the azimuthal direction given as:

~E(r, z) = U(r, z) exp(i(kz − wt)) ~eϕ (2.31)
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And in terms of azimuthal polarization symmetry, a trial solution can be assumed

which is given as:

U(r, z) = AJ1( βr
1 + iz/z0

) exp
(
−iβ

2z/(2k)
1 + iz/z0

)
u(r, z) (2.32)

where u(r, z) is the fundamental Gaussian solution as given by equation 2.24, J1 is the

first order Bessel function of the first kind. β is a parameter with constant magnitude

[Forbes, (2014)]. The solution given by equation 2.32 is a correlation to an azimuthally

polarized vector Bessel-Gaussian beam solution. Similarly, one can obtain a transverse

magnetic field solution that is given by :

~H(r, z) = −BJ1( βr
1 + iz/z0

) exp
(
−iβ

2z/(2k)
1 + iz/z0

)
u(r, z) exp(i(kz − wt))~hϕ (2.33)

The solution given in equation 2.33 is aligned in the radial direction which indicates radial

polarization for electric fields. However, the electric field has a very weak z-component and

under paraxial conditions, it can be neglected . Figure 2.7 is a representation of the modes for

linearly polarized electric field (a)-(f) as well as radial and azimuthally polarized electric fields

(g) and (h). The linearly polarized fields are generally termed spatial homogenous polarized

as they have uniform polarization distribution across the beam. The case of azimuthal and

radial have non-uniform polarization distribution.

CV beams can be generated in several ways. As illustrated in Figure 2.8, combining

two linearly polarized Hermite-Gaussian laser beams interferometrically as described by

~Er = HG10~ex +HG01~ey, ~Eϕ = HG01~ex +HG10~ey (2.34)
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Figure 2.7: Illustration showing the different modes that is possible with linearly polarized
Hermite-Gauss, LG electric fields [Forbes, (2014)].

or by transmitting a linear polarized light beam through a nematic liquid crystal. Insertion

of optical elements such a Quarter wave plate into a laser resonator can also generate CV

beams [Woerdemann, 2012].

2.6 Bessel beams (BBs)

Sequel to the work of Durnin, Bessel beams exhibit cylindrical symmetry with

plane electromagnetic wave behaviour. With strong conviction, BBs are said to satisfy the

conditions of cylindrical vector beams [Durnin et al., (1987)].

Bessel beams can either be scalar or vectorial in nature. In scalar form, BBs

exhibit spatial homogeneous behaviour which has been described earlier ( linear, elliptic and

circular polarization) [Bouchal, 2003]. BBs in the scalar regime involve mostly superposition

of transverse electric (TE) modes and transverse magnetic (TM) modes and interferences of
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Figure 2.8: Diagram shows the combination of two linearly polarized optical fields which
results in the production of azimuthal and radial polarized fields (CV) beams.

linearly polarized plane waves which produces complex energy fluxes that are very useful in

various applications [Bouchal, 2003]. Basically, Vector Bessel Beams are light beams with

a spatial inhomogeneous state of polarization possessing radial or azimuthal polarization as

described above in polarization section [Dudley et al., (2013)]. The electric field describing

a l − th order Bessel beam is expressed as:

El(r, φ, z) = A exp(ikzz)J1(krr) exp(ilφ)

Here, A is the amplitude of the beam, J1 is the first order Bessel function, kz and kr are

the longitudinal and radial component of the wave-vector respectively where k = 2πn
λ

=√
k2
z + k2

r . The Bessel function behaves differently in various scenarios, for example, in the

the zeroth order, the output beam has a central maximum bright spot. Furthermore, in

other cases of higher order Bessel beam, the beam has a zero-on- axis intensity (dark central

spot)that is surrounded by rings which is due to phase singularity of l-parameter as depicted
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in the azimuthal phase term (ilφ). [McGloin and Dholakia, (2005)].

The mathematical function which describes the behaviour of Bessel beams (Both

scalar and vector BBs) are solutions which satisfies Bessel’s differential equation. There

are different approaches that can be used in computing the solutions, a few are explored as

follows:

Solution from wave equation Consider the wave equation given as:

∇2ψ = 1
c2
∂2ψ

∂t2
(2.35)

a scalar, azimuthally symmetric wave with frequency w propagating in the z direction is a

solution satisfying equation 2.35 and is given as :

ψ(r, t) = f(ρ) exp[i(kzz − wt)] (2.36)

where r =
√
x2 + y2, Substituting the second derivative of ψ(r, t) of equation 2.36 into 2.35

gives :
d2f

dρ2 + 1
ρ

df

ρdρ
+ (k2

f + k2
z) (2.37)

Equation 2.37 is in form of the differential equation for Bessel function of order 0 and the

solution can be written as :

f(ρ) = J0(k′ρ) (2.38)

where

k2
f = k′ + k2

z (2.39)
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Introducing an arbitrary real parameter α into equation 2.39 will yield k′ = kf sinα and

kz = kf cosα and one can have the expected cylindrical wave form given as:

ψ(r, t) = J0(k′ρ) exp[i(kzz − wt)] = J0(kfρ sinα) exp[i(cosαz − wt)] (2.40)

Equation 2.40 is the usual Bessel beam equation. From w = ckz/ cosα The constant α is

in the z-direction and it is the angle that describes the superposition of the infinite plane

waves that leads to Bessel beams [Mcdonald, (2000)].

Solutions from vector potential Consider the scalar wave equation given as:

∇2E(r, t)− 1
c2
∂2

∂t2
E(r, t) = 0 (2.41)

where ∇2 is the laplacian operator, c is the speed of light in free space, r is the position

vector. With angular frequency w, Electric field E(r, t) can be written as:

E(r, t) = E(r) exp(iwt) (2.42)

Substituting 2.42 into 2.41, one obtains :

∇2E(r) + k2E(r) = 0 (2.43)

This is the usual Helmholtz wave equation with wave number k = w2µ0ε0. Using the variable

seperable method in cylindrical coordinate, equation 2.42 becomes

E(r, t) = E0(r, t)Jn(k⊥ρ) exp(inϕ) exp(i(kzz − wt)) (2.44)
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Here E0(r, t) is a constant, Jn is the nth-order Bessel function of the first kind. ρ =
√
x2 + y2,

x = ρ cosϕ, y = ρ sinϕ and k2 = k⊥ + k2
z being the radial and longitudinal wave numbers

respectively. Hence the time-averaged intensity can be calculated as:

I(ρ, ϕ, z ≥ 0) = I(ρ, ϕ, z = 0)|E0Jn(k ⊥ ρ)|2 (2.45)

And as it is observed, the intensity distribution is constant which describes the robust

characteristic of Bessel Beams [Mcdonald, (2000)].

2.7 Summary

This chapter described the characteristics of Bessel beams. Bessel beams are char-

acterized by robustness, phase dislocation, free-wave mode propagation e.t.c, Bessel beams

are also cylindrically symmetric in nature. the mathematical implications presented in this

chapter indicates that the beams can either be scalar or vectorial in nature. Bessel also show

potential in carrying orbital angular momentum and this is emphasized in the L = l~ that

is carried by each photon of the beams. Bessel beams can be linearly polarized depending

on the radial or azimuthal alignment direction of the fields. The polarization of the beam

can be converted easily from linear to circular polarization using wave plates.
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Chapter 3

Generation and detection of Scalar

Bessel Beams

3.1 Introduction

The generation of Bessel beams poses a challenge due to some factors such as

infinite energy and propagation distance. An alternative resolution is generating a quasi-

Bessel beams which have the same characteristics as BBs with finite propagation distance.

A few of the methods are described in this section

Axicon method: Axicons methods for generation of Bessel beams is one of the most

efficient technique amongst the known techniques. Figure 3.1 illustrates the method of

the Axicon in generating Bessel beams. A conical lens (Axicon) is used to channel the

Nondiffracting region

Figure 3.1: Description of the generation of Bessel beams using an axicon. The inclinatiion
angle is approximately equal to the Axicon open angle. The nondiffracting region is the
distance where the beams are formed.
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entire input beam towards the centre of the lens. Since there is no bending of light in

the middle of a lens, the beams can propagate easily across that path without diffracting

[Duocastella and Arnold, (2012)].

The Gaussian beam represents the incoming wave that is incident on the Axicon.

The inclination angle is usually very small (≈ 0.50) and approximately equal to the Axicon

opening as represented in the Figure 3.1. The output beam is a Bessel mode profile [?].

Furthermore, other methods such as using an azimuthal phase beam by spatial light modu-

lators or a Laguerre-Gaussian (LG) beam can be utilized in generating Bessel beams. Figure

3.2 is a description of the procedure for generating Bessel beams using LG beams. With

Figure 3.2: Illustration of the procedure for the generation of Laguerre-Gaussian beams, the
CCD camera is used to record the generated beam (Ismail, 2012).

reference to Figure 3.2, a Laguerre-Gaussian beam (a modified Gaussian beam) of radial and

azimuthal index l with zero order is used to illuminate a conical Axicon which produces BBs

of order l. The setup is the same as the previous, the only difference is the input beam. The

key advantage here is that higher-order BBs can be generated due to the orbital angular

momentum carrying potential of LG beams. This can be seen in the azimuthal phase terms

l dictates the amount of OAM that is carried by the beam [Dudley et al., (2013)]. The pro-

cedure involves firstly generating LG beams by channeling a Gaussian beam into a spatial

light modulator with a relevant grey scale pattern as indicated in Figure 3.2(b). Some of
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the experimental results are shown in Figure 3.3. From Figure 3.3, it is observed that an

Figure 3.3: Illustration showing the generated images of several higher-order Bessel beams
using LG beams [Ismail et al., (2012)].

increase in the topological charge of the LG beams causes a corresponding increase in the

near-field topogical charge of the generated BB. It is worth noting that higher order BBs

can propagate in a finite distance having an annular ring at the far-field intensity profile

[Ismail et al., (2012)].

Aperture method: The aperture method is actually the method implemented by Durnin

in 1987. Here an annular slit is placed in the back of the focal plane of a lens that converges

the incident light. Figure 3.4 is an illustration of how BBs are generated using the aperture

method. When the input beam is illuminated on it, it narrows it to the centre. Though BBs

are produced in the process, the aperture blocks most of the radiated incident light thereby

leading to low efficiency of the beam produced [Duocastella and Arnold, (2012)].
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Figure 3.4: Description of how Bessel beams are generated using apertures in redirecting the
incident beam.

Tunable Acoustic Gradient (TAG) lens: Here an acoustic signal is generated in a

circular piezoelectric liquid compartment which in turn gives a sinusoidal refractive index in

the device. If a cylindrical compartment is used, then the refractive index takes the form

n(r, t) = n0 + nAJ0(r)wr
v

cos(wt) (3.1)

with n0 being the static refractive index, w-frequency, v is the speed of sound in the fluid

and nA is the constant that varies with the physical characteristics of the medium (lens size,

driving voltage amplitude, mean density) with value in the order of 10−5. As soon as the

compartment is illuminated with light, the refractive index profile transforms the light into

multiscale BBs with a central beam and surrounding Bessel-like rings [Tsai et al., (2006)].

3.2 Spatial light Modulators(SLM)

As earlier noted in section 3.1, the energy of the Bessel beams depends mostly

on the intensity of the beam which is a function of the amplitude and phase of the beam.

There are different optical devices that can modulate the intensity of input beams, however,

one device that is recommended is the Spatial Light Modulators (SLMs). SLMs are digital,

programmable optical devices that help to vary the input property (amplitude and phase)
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of a light beam according to a fixed spatial pixel format [Duocastella and Arnold, (2012)].

An SLM comprise mainly of a liquid crystal display (LCD) with several pixels.

Each pixel is addressed by two electrodes in a way that the molecular component of the

pixels aligns in parallel to the electrodes. When an electric field in the form of light beam

is applied to thin electrodes, the molecules respond by tilting in the direction of the field.

The response causes the refractive index experienced by the light to alter the phase of

the incident light beam [Lazarev, Grigory, et al,(2012)]. SLM imparts a phase profile into

an incident beam such that the modulated phase profile of the beam appears to have an

orthonormal set which serves as a channel for carrying optical information.This optical nfor-

mation can be encoded into an SLM in the form of a filter and applied to a laser beam.

This encoded information in the SLM can be propagated to a desired distance where it is

needed [Bouchal and Celechovský, (2004)]. SLMs come in different types such as phase only,

amplitude and coupled phase and amplitude modulated types depending on the intended

use. As the name-type implies, beam modulation in terms of the amplitude, phase or both

can be implemented accordingly [Ambs et al., (2007)].

Figure 3.5: (a) Diagram showing the inclusion of an SLM as an optical element (b) picture
showing a liquid crystal SLM.

Figure 3.5 shows a typical example of a phase only SLM alongside its inclusion

30



in an optical experimental setup. The non diffracting property of BBs ensures that the

information generated at the SLM is recovered at the desired destination without loss of

intensity.

3.2.1 Computer generated holograms (CGH)

Computer generated holograms forms the backbone behind SLMs. Basically, holo-

grams records the interference of two coherent (fields with equal intensity and phase) fields

i.e an object and a reference wave field. The object field represents the wave that is observed

when an object of interest is illuminated by light. The reference wave on the other hand is the

plane wave that is stored in the recording medium [López-Mariscal and Gutiérrez-Vega, (2007)].

When an object field reaches the recording medium such as a photographic film or CCD

Collimated laser

BS 1 

BS 2 Recording medium
M2 

M1 

Aperture 

Figure 3.6: A simple optical setup describing the principle behind holography capturing of
a light field through an aperture. BS-beam splitter, M- mirrors.

camera, the variation in the intensity of light at the plane of the recorder is stored. This in-

tensity comprises the phase and amplitude of the object field [Poon and Liu, (2014)]. Figure
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3.6 shows the working principle of the hologram. In this simple setup, a beam splitter reflects

and transmits a light plane wave. One of the plane waves illuminates a pinhole aperture and

the other is received by a mirror and both light waves are received at the recording medium

i.e the interference of the object and reference fields [Poon and Liu, (2014)].

3.2.2 Calibration of Spatial light Modulators

The spatial phase distribution of an SLM in terms of the parameters (grey level of

the image display of the device) controlling the input signal need to be verified experimen-

tally. This is to ensure the uniformity of the phase response of the SLM as well as addressing

errors that are mostly due to voltage independence. Avoiding errors such as this can im-

prove the image performance of the SLM [Martínez-León et al., (2009)]. The relevance of

SLMs relies mostly on producing a precise amplitude and phase modulation independently

in each addressable pixel. For instance, a liquid crystal whose exact modulation depends

on the polarization of the incident and transmitted light beams modulates the input beam

without prior information of the input beam. As a result of the unknown polarization, the

calibration of the spatial light modulator is necessary [Ferreira and Belsley, (2010)]. There

are several ways to calibrate SLMs. Figure 3.7 shows a simple method for calibrating SLMs

[Ferreira and Belsley, (2010), Martínez-León et al., (2009)].

3.2.3 Phase only modulated SLM for Bessel Beams

The phase modulation of a Bessel beam can be implemented using holograms. In

the implementation process, parallel-aligned TN-LC (SLM of choice) is used to generate

holographic phase gratings which enables the beam generation [Chattrapiban et al., (2003)].

Usually, the SLM is not used directly but connected in the experimental setup as an optical
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Laser pump NDF
M1

M2L1L2SLM

CCD camera L3
M3

4f

Figure 3.7: Schematics of the setup used for the calibration of a Spatial light modulator,
L-lenses, M- mirrors, NDF- neutral density filter, SLM-spatial light modulator.

element. Although the SLM can be programmed directly with the relevant phase profile

φ(x, y) there exist imperfections. These imperfections are represented as undesired beams

appearing as sets of beams resulting to superposition of diffraction orders. The introduction

of phase gratings helps to overcome this issue as it creates an angular deviation between the

diffraction orders. This enables a spatially filtered position in the Fourier plane of the SLM

to choose the first-order diffraction beam [Leach et al., (2006)]. To generate a Bessel beam,

the phase of the hologram image is programmed to be

φ(r) = kr (3.2)

where β = kr is the diffractive angle. This is related to the phase of the Axicon by

(n− 1)α = β

k0
(3.3)

where α is the Axicon angle. Bessel beams generated from this hologram set up will have

a phase φ = βkr which indicates that the size of the central spot. 3.8 is an illustration

33



showing an experimental procedure for generating Bessel beams using phase only SLMs .

The function of the neutral density filter is to ensure adequate intensity of light is received

at the detection point [Leach et al., (2006)]. The advantage of this method is the flexibility

Laser pump PBS L1 L2
SLM

M1
M2

NDF
CCD camera

Figure 3.8: Generation of phase modulated BBs using spatial light modulators, NDF-neutral
density filter ensures adequate intensity of light is received at the detection point.

of increasing or decreasing the amount of azimuthal charge that can be programmed into

the SLM.

3.2.4 Amplitude and Phase variation of Bessel Beams Using Spa-

tial Light Modulators

Another application of SLM in terms of Bessel beam generation is its ability to

modulate the amplitude and phase of a Bessel beam simultaneously. Figure 3.9 illustrates

the working principle of simultaneously varying the amplitude and phase of Bessel beams

using SLMs. The polarization direction of the input beam is set to 450 with reference to

the x− axis. Figure 3.10 is a graphical illustration that depicts the procedure involved

in the amplitude and phase modulation using two SLMs. With the first SLM having a

phase distribution ϕ1(x, y). The beam after the first SLM becomes half modulated with

distribution x− axis of
√

2
2 A0 and y− axis

√
2

2 A0 exp(iϕ1(x, y)). With the polarizer inclined
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Figure 3.9: Schematic diagram showing the working principle of modulating amplitude and
phase of a Bessel beams using spatial light modulator. The polarization of the field is
paramount in the setup and this is achieved using a polarizer.

Figure 3.10: The principle behind the modulation of amplitude and phase of an input beam
with an initial phase of ϕ1(x, y). The polarizer ensures the angle of the propagating beam.
The output field indicates a modification of both the amplitude and phase of the input field.

at 450 with respect to the x− axis, the field becomes:

E(x, y) =
√

2
2 A0(exp(iϕ1(x, y)))×

√
2

2 +
√

2
2 ×

√
2

2 = A0(exp
(
iϕ1(x, y)

2

)
+ 1) (3.4)

When the light propagates after the polarizer through the second SLM with phase distri-

bution, a field with a modified amplitude and phase is obtained . The idea is to allow a

polarized light at 450 with respect to the horizontal (x) direction with a phase distribution

ϕ2(x, y) to propagate through the second SLM. The output field becomes:

E(x, y) = 1
2A0(exp(iϕ1(x, y)) + 1) exp(iϕ2(x, y)) = A0 cos

(
ϕ1(x, y)

2

)
exp i(ϕ1(x, y) + 2ϕ2(x, y)

2 )

(3.5)
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where ϕ1(x, y) denotes the amplitude after the first SLM and ϕ1(x, y) + 2ϕ2(x, y) describes

the new phase of the beam after the second SLM. From this information, varying the phase

information written on both SLMs can invariably change the amplitude and phase of the

beam separately and concurrently [Zhu and Wang, (2014)].

3.3 Generating Bessel Beams Using digital Axicons

and annular rings

Several methods have been proposed by researchers on how to create BBs using

spatial light modulators. This can be done by encoding phase distribution of the wave front

of propagating beam to generate desired beam [Birch et al., (2000)]. A few of these methods

are described in this section.

3.3.1 SLM and Axicons

Basically, an Axicon is a conical lens that can be used to generate Bessel beams.

A general purpose lens can generate a focal point however, an Axicon can generate focal

lines that can extend along reasonable distance from millimeters to kilometers depending on

the desired design [Guo-qin et al., (1996)]. As mentioned earlier in section 3.1, an Axicon

consists of a glass cone which creates conical wavefront forming a narrow focal line. The

intensity of the beam generated by the Axicon can be varied depending on the shape of

the Axicon [Guo-qin et al., (1996)]. The light rays incident behind the Axicon is refracted

towards the optical axis at almost the same angle for all the rays. The interference of the

incident rays at the optical axis produces a tight focal line defining the region where Bessel
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beams are formed [Burvall et al., (2005)]. The opening angle θ of the cone is given by :

θ = (n− 1)γ (3.6)

Given the beam width w0, the length of the non-diffracting region of the Bessel beams can

be calculated as :

Zmax = w0/θ (3.7)

and usually, the Bessel beams are found at the point Zmax/2 and what is observed after the

Zmax region are just conical waves.

In terms of Bessel beam generation using digital axicon i.e modulating the phase

of a beam with an SLM. Consider the Axicon schematics shown in Figure 3.11. The transfer

Figure 3.11: The schematical representation of an Axicon with a phase function of position.

function (function that modifies the initial light field) is given as:

τ(x, y) = exp(iφ(x, y)) (3.8)
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where φ(x, y) is the phase function of position and is given as :

φ(x, y) = k∆(x, y) + kn(L−∆(x, y)) (3.9)

∆(x, y) is the distance between B and C. With reference to 3.11, the distance is given as:

∆(x, y) = tan γ
√
x2 + y2 = r tan γ (3.10)

Assuming the thickness L of the axicon is very small, it can be ignored so that :

φ(x, y) = k(n− 1)r tan γ − knL (3.11)

and the transfer function becomes:

τ(x, y) = exp(ik(n− 1)r tan γ) (3.12)

Accounting for the OAM modes of the beam, a topological charge l and a phase φ parameter

can be included such that :

τ(x, y) = exp(ik(n− 1)r tan γ) + lφ (3.13)

the transfer function of the Axicon can be rewritten in terms of a phase functions for sim-

plicity and is given as:

τ = exp i(r/r0) (3.14)

where r denotes the cross-section of the cone and r0 represents a set of parameters and is
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given as :

1/r0 = k(n− 1) tan γ (3.15)

where n is the refractive index of glass with k = 2π/λ being the usual wave number and

λ the wavelength of laser beam. Figure 3.12 is a simple setup for generating Bessel beams

using the phase of an Axicon.

Figure 3.12: Bessel beam generation using a digital axicon with a spatial light modulator
M-mirror, SLM- spatial light modulator, L1 and L2 are lenses used for expanding the beam
width, CCD-camera.

3.3.2 Annular ring and SLM

The Durnin experiment is the method described earlier in section 3.1. The combi-

nation of the annular slit and SLM involves implementing the Durnin’s ring-slit experiment

digitally. The ring slit is encoded into the SLM in the form of a hologram. Ideally, the Bessel

beam is assumed to be a Fourier transform of a ring. Figure 3.13 shows the principle behind

the ring-slit method. The ring is placed at a focal plane behind the lens which generates

the beam as shown in Figure 3.13 and illuminated with an optical field (Gaussian beam).

After the illumination, each wave front along the slit becomes a coherent source point pro-

ducing a new field as a result of the transformation from the lens lying on the conical plane

[McQueen et al., (1999)].

Implementing this approach with an SLM is not complicated. The ring is as-
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f Zmax

Figure 3.13: The generation of Bessel beams using a ring slit, S-aperture, d-diameter of the
incident beam, R-radius of the converging lens in the focal plane with propagation region
Zmax.

sumed to be two with different radius and the SLM is illuminated with a Gaussian beam

[Dudley et al., (2013)].

Figure 3.14: Illustration of the ring slit that is illuminated by the initial light beam, the ring
is divided into two radii R1 and R2 respectively.

The digital ring-slit takes the form of a transfer function that describes the slit. In

this case, the function is given as:

τ(r, φ) =



exp(ilφ) if R1 − w/2 ≤ r ≤ R1 + w/2

exp(−ilφ) if R2 − w/2 ≤ r ≤ R2 + w/2

0 elsewhere

(3.16)

Where R1 and R2 are the radii of the inner and outer ring-slits respectvely and w is the width
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of the rings, φ is the azimuthal angle and l is the azimuthal mode index. The experimental

setup for the generation is shown in (Figure 3.15).

Figure 3.15: Generation of Bessel beams using a hologram of a ring-slit, M-mirror, SLM-
spatial light modulator, L-lenses.

3.4 Modal Decomposition (MD)

In BBs generation, one task is to generate the beams and another task is to analyze

the profile of the generated beam. Laser beams are optical fields which are superposition

of modes which has complex expansion coefficient. Modal decomposition measures the over

lap of the beam profiles with other beam modes [Schulze et al., (2012)].

The proven method to sorting optical field content is modal decomposition. Modal

decomposition involves the description of optical fields in terms of their eigenmodes or into

a superposition of orthonormal basis function. MD characterizes the beam in terms of its

phase structure, phase singularity [Kaiser et al., (2009)]. Knowing the characteristics of an

optical field will not only help to identify the beam but would also help to classify the use

of the light beam.

The usefulness of modal decomposition of light is seen in various avenues of scientific

research. It is particularly useful in classical field of science, quantum information processing
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[Ourjoumtsev, A. et al.,(2006)], fibre optics systems [Kaiser, T., Schröter, S. and Duparré, M, (2009)]

and laser resonator systems [Schmidt, A., et al.,(2011)].

The earliest method for modal decomposition involves direct modal description

(DMD) of an optical field by analyzing the field using mathematical formalism. DMD

emphasizes the physical principle of optical fields and how it correlates with the theoretical

background of the fields [Kaiser et al., (2009)]. However, the set-back of this method is that

the fields are difficult to analyze and the beam-type information is supposed to be known

for the analysis to be effective. As such, the method is not reliable. A more reliable method

is the SLM and the fourier transform lens technique. The SLM and fourier lens system

implements an inner product that maps all necessary information about the field into one

dimensional set of coefficients.

3.4.1 Spatial light modulators and Fourier Transform Lens Tech-

nique

Different numerical methods have been used by different researchers to characterize

optical fields. SLM alongside a lens is used to decompose the orbital angular momentum

spectrum of an optical field [Dudley et al., (2013)] .

An arbitrary optical field can be considered as a superposition of basis functions.

These functions can be expressed as mode functions. Each mode has a weighting coefficient

which maps the relevant information about the optical field into a sets of 1-dimensional

coefficients. The objective of modal decomposition is to determine the weighting coefficients.
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Consider an optical field expressed as:

U(r) =
nmax∑
n=1

cnψn(r) (3.17)

where cn depicts the unknown coefficient of the optical field and ψn(r) is the mode function.

The mode function ψn(r) can be written in terms of orthonormal property as:

〈ψn|ψm〉
∫∫

d2rψ∗n(r)ψm(r) = δnm (3.18)

where the integral is over R2. The unknown coefficient can be found using :

cn = ρn exp(i∆φn) = 〈ψn|U〉 (3.19)

where ρ2
n is the modal weights and ∆φn is the phase of the optical field [Schulze et al., (2012)].

This technique can be extended to modes describing Bessel beams. Considering the basis of

a Bessel beam having mode defined by:

Ul(r, φ, z) =
√

2
π
Jl(

zRkrr

zR − iz
) exp(ilφ− ikzz) exp

(
iw2

0k
2
rz − 2kr2

4(zR − iz)

)
(3.20)

where l is the azimuthal topological charge, Jl(·) is the Bessel function of the first order, kr

is the transverse wave number, kz is the longitudinal wave number, w0 is the Gaussian beam

radius and zR is the Rayleigh length given by :

zR = πw2
0

λ
(3.21)
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The Bessel beam mode can be expanded as

g(r, φ) =
∞∑

l→∞

∫ ∞
0

cl(kr)ulkr(r, φ, 0)dkr (3.22)

where g(r, φ) is the complex amplitude of the Bessel beam at z = 0, cl(kr) is the unknown

expansion function that can be found by the inner product measurement experiment. Figure

3.16 is the setup for implementing the modal decomposition of an optical field using an SLM

and fourier lens [McLaren et al., (2013)].

Figure 3.16: Description of the experimental setup that enables the decomposition of an
optical field using an SLM.

Here, the generated Gaussian beam was passed through a 5× magnified zoom

telescope and allowed to pass through a liquid display of SLM 1. The output beam from

SLM 1 was a Bessel beams profile. The Bessel fields are magnified with another lens 10

times and passed through another SLM2 for the modal decomposition process. the inner

product is implemented with a match filter that is set to exp(ilφ). The detection point is

observed after the fourier lens L5. The holograms that is encoded on both SLMs can be

altered accordingly to modify the intensity of the beams. This method can easily be applied
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to other vortex beams for unraveling the OAM contents of the beam.

3.5 Experimental generation and detection of Scalar

Bessel beams

Equation (3.13) was used to generate the holograms shown in Figure 3.17. The

hologram was encoded onto the SLM for the Bessel beam generation. As earlier noted about

Figure 3.17: The hologram used for the generation of the scalar Bessel beams using the
phase of an Axicon

using the Axicons to generate Bessel beams is the nondiffracting beam region. This length

is the range where the Bessel beams are observed as described in the Figure 3.18. Although

beams appearing as BBs can be observed before and after this region, these beams are conical

waves. The length of the region usually denoted as Zmax is calculated using

Zmax = w0

(n− 1)γ (3.23)

where w0 and γ describes the beam radius (w0

2 ) and Axicon angle respectively. n is the

refractive index of glass. In this calculations, the beam width was chosen to be 1 mm,
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Figure 3.18: An illustration of an Axicon which describes the non-diffracting finite region
where the Bessel beams are formed.

n = 1.5 and Axicon angle γ = 0.2. The non-diffracting region in this case was calculated to

be u 14 cm.

3.5.1 Experimental setup for scalar Bessel beams

The experimental set up used for the generation of the beams is shown in Figure

3.19. The setup comprises of a HeNe laser source (633nm), a spatial light modulator (SLM)

(Holoeye, PLUTO-VIS with 1920 x 1080 pixel and calibrated for a 2π phase shift at 633nm,

aligning mirror, a polarizer and a CCD camera. The scalar Bessel-Gaussian beam was

generated by propagating a Gaussian beam through the SLM. An aperture was introduced

(not shown in the experimental setup) in-between the 4f lens system to filter out the zero

and second diffraction order beams and the output was eventually captured by the CCD

camera.
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Figure 3.19: Experimental setup for the generation of the scalar Bessel beam using digital
axicons. M-mirror,L1 = 200 mm, L2 = 200 mm SLM-spatial light modulator, CCD-camera,
Hene-Gaussian beam laser source.

3.5.2 Results and discussion for scalar Bessel beams

The generated scalar BBs are shown in Figure 3.20. 3.20(a) illustrates a zero-order

Bessel beam with a bright spot. 3.20 (b)-(k) are higher order Bessel beams with dark spot

otherwise called donut beams.

Figure 3.20: Experimentally generated Bessel-Gaussian beam with topological charge vary-
ing from l = 0 to l = 0.
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Next, a polarizer was introduced to obtain the different polarization state of the

beams between 0 and 2π.The OAM focus was on l = 1 mode. The decision to restrict

the experiment to l = 1 was due to the fact that the same result is observed for different

OAM modes of the scalar beams as illustrated by Figure 3.21. Regarding the higher order

Figure 3.21: The different polarization state of l = 1 Bessel-Gaussian beam between 0 and
2π.

Bessel beams, the topological charge increase have a corresponding increase in the vortex

singularity which describes the increase in the order of Bessel beams. The intensity profiles

for l = 0 to l = 2 are shown (figure 3.22) The obtained intensity profiles of the generated

beams were captured in accordance to the calculated non-diffracting region of (1
2Zmax). It

is worth noting that the increase in the topological charge creates room for an increase in

the OAM content of the beam. Furthermore, it was observed that for several angles of
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Figure 3.22: The plot of intensity profile of the generated zero-order and higher order Bessel-
Gasussian as by the CCD at 1

2Zmax.

polarization between 0 and 2π, the shape of the beam remains unchanged, this is because

the Bessel beams are considered partially polarized and such, insignificant effect is observed

with the insertion of the polarizer. Furthermore, in the case of 900 and 2700 position of the

Bessel beam, there was no beam detected. This is because, the beam after the polarizer was

not horizontally polarized but vertical and as a result no beam was observed at the detection

point.
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It is also important to note that the generated Bessel beams are z-dependent. This

means that when the axicon angle γ is increased, it has a corresponding effect on the non-

diffracting region. In this case, when the axicon angle γ was increased from γ = 0.2 to

γ = 0.36, the non-diffracting region reduced from 28 cm to ≈ 16 cm however, the shape and

the intensity of the beam remains invariant.

3.6 Detection of scalar Bessel beams

As discussed earlier, modal decomposition involves the process of unpacking an

optical field in terms of OAM or modal content. It helps to determine the power content

and the phase of the modes contained in the optical field.

An optical field denoted by U(r, φ) can be written in terms of an orthogonal basis

function as:

U(r, φ) =
∞∑
l=1

clψl(r, φ) (3.24)

where r = (x, y), denotes the spatial coordinates, cl is the expansion coefficient and ψl

describes the lth vector mode of the optical field. The intensity (power) of the field can thus

be measured from the initial field U(r, φ) by:

I(r) = |U(r)|2 (3.25)

where |U(r, φ)|2 = 〈ψ∗l |ψl〉. The "*" symbol indicates the complex conjugate of the field ψl.

The technique used in this case was identical to the method described in section 3.4.1. The

inner products was implemented by encoding two transfer functions of opposite signs. The

transfer functions used in the inner product measurement as depicted in equation 3.25 are
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given as:

ψl = k(n− 1)γ exp(ilφ), ψ∗l = k(n− 1)γ exp(−ilφ) (3.26)

The experimental setup used in the implementation is shown in Figure 3.23. ‘ A 4f lens

Figure 3.23: Setup used for the modal decomposition of the scalar Bessel beams, SLM-
spatial light modulator, M-mirrors, L-lenses, L1 = 200 mm, L2 = 200 mm, L3 = 100 mm,
L4 = 100 mm, L5 = 300 mm, Pol-Polarizer, A-aperture, CCD-camera.

system was used to image the generated BG beam back into the second partition of the SLM

for the inner product measurement. Another lens L5 = 300 mm is used to perform a fourier

transform of the modes generated by the decomposition and the results are captured by the

CCD camera.

3.6.1 Results and discussion for detection of scalar Bessel beams

The intensity plots as captured by the CCD camera are shown in Figure 3.24. When

a Gaussian beams is incident on an Axicon, a Bessel beam is produced and if the process

is reciprocated, a Gaussian beam is produced. The high peak indicates the bright on-axis

intensity of the reciprocated process as indicated in the plot. The topological charge values

or modes ranged from −5 to 5 and it was observed that when an input mode matches the

correlation filter that was implemented, a bright on-axis intensity was observed and that is

indicated by 1 in the plot and zero intensity was observed for other cases when there is a
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Figure 3.24: The intensity plots of the implementation of modal decomposition of the scalar
Bessel-Gaussian beams.

mismatch.

3.7 Summary

Axicons and annular slits are some of the conventional ways to generate Bessel

beams. Digitally implementing this method is not only convenient but also very efficient as

issues that involves misalignment of the Axicon and the blocking of some the input beams

are avoided. Although Spatial light modulators do not solve the problem of misalignment

however, they proffer an efficient technique for generating Bessel beams. The generated

Bessel beams in this case are zero-order Bessel beams with a bright spot and donut beam

in the case of higher order Bessel beams. SLMs are also used to detect the OAM modes

that are embedded in the higher order modes of the generated beams. The obtained results

indicates that an OAM mode of l = 1 is inherent in the beam and other higher modes can

be obtained as well using the same technique of spatial light modulators and fourier lens

transform.
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Chapter 4

Generation and Detection of Vector

Bessel beams(VBBs)

4.1 Introduction

Generation of vector Bessel beams involves converting linearly polarized beams to

circularly polarized beams. Vector beams has a coupling of spatial modes and polarization.

Several optical devices such as dielectric metasurfaces, q-plates e.t.c are used for the gener-

ation of vector beams however, focus is given to q-plate in this research work. Q-plates are

briefly introduced with their working principle. This is followed by the experimental setup,

results and discussions.

4.2 Q-plates

Optical fields have some inherent rotational characteristics that are embedded in

the electromagnetic nature of the field. This electromagnetic nature is described in terms

of twist and spin. Spin describes the rotation of the electric and magnetic field oscillating

within the optical field (circular polarization), a twist, on the other hand, describes light

that has fork-shaped wavefront. optical fields having this nature can be assumed to have

angular momentum. There are several methods for generating this sort of light fields but
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the most convenient and efficient method is to use the q-plate [Kwok et al., (2013)] . The

q-plate enables the interaction between spin and twist of optical fields.

Q-plates can also be used to convert spin angular momentum (SAM) to orbital an-

gular momentum (OAM) within a propagating optical field. Q-plates introduces OAM to an

ordinary light beam having linear polarization as described in Figure 4.1 [Marrucci et al., (2011)]

and also used in the generation of vector-vortex light beams. These beams have different

sets of OAMs and uniform polarization. These vortex beams have various applications, one

of which is quantum information processing [Cardano et al., (2012)].

Figure 4.1: An illustration that shows how OAM modes can be imparted with a circularly
polarized configuration using a q-plate.

Basically, a q-plate as illustrated in Figure 4.2 is a liquid crystal that has liquid crys-

tal molecules embedded between two thin glass plates. this embedded material introduces

the qφ parameter into the transformation of q-plates as depicted by equation 4.2. In general

terms, with the aid of the q-plate, the states of polarization as represented in the Poincare

sphere (A 3-dimensional spherical graphical tool showing different states of polarization of

optical fields) can easily be transformed from one state to the other [Marrucci, (2013)].

The initial field passing through the q-plate has equal linear polarization as well as
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Figure 4.2: Description of a q-plate, the pattern is introduced as a result of the topological
charge q.

equal weightings of left and right polarization. However, after the q-plate, the field becomes

circularly polarized with right circularly polarized field decreasing in azimuthal topological

charge of 1 and the left increasing with 1 thus leading to a superposition of a l = 1 and

l = −1. The superposition can only be noticed when a polarizer is introduced thereby

producing a petal-like beam [Dudley et al., 2013]. Example of the beams is shown in the

experimental result section

Figure 4.3 is a table that illustrates the action of q-plates. With the inclusion of

other optical elements (half wave plate), it is possible to manipulate the input beam of a

particular OAM mode into another output field with a different vector or scalar mode.

Since the q-plates acts on the polarization of the optical field, it is easy to show the
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Figure 4.3: Summary of the action of q-plate on different input beam with respective output
beams, λ = 1/2 - half-wave plate.

procedure by considering a basis set of operation. In this case, dirac basis is used. Consider

a Gaussian beam described by the basis element as:

|U〉 = |0, R〉+ |0, L〉 (4.1)

With the transformation introduced by a q-plate q = 1
2 and having transformation rule given

as:

|l, R〉 q−→ |l − 2q, L〉 , |l, L〉 q−→ |l + 2q, R〉 (4.2)

So that

|l, R〉 → |0− 1, L〉 → |−1, L〉 (4.3)

|l, L〉 → |0 + 1, R〉 → |1, R〉 (4.4)
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So that after the q-plate, the field becomes :

|1, R〉+ |−1, L〉 = exp(iφ)

 1

−i

+ exp(−iφ)

1

i

 =

cos(φ)

sin(φ)

 (4.5)

Where the two vector corresponds to the right and left circular polarization respectively.

4.2.1 Experimental setup for Vector Bessel beam generation

The experimental set up used for the generation of the beams is shown in Figure ??.

The setup comprises HeNe laser beam (633 nm), a spatial light modulator (SLM) (Holoeye,

PLUTO-VIS with 1920 x 1080 pixel). The SLM is calibrated for a 2π phase shift at 633 nm).

Other components includes a q-plate, aligning mirror, a polarizer, and a CCD camera. An

aperture is inserted in-between the 4f system to filter out the zero and second diffraction

order beams.

Firstly, a scalar Bessel beam was generated. This was done by propagating a

Gaussian beam through an SLM and the output was captured by a CCD camera. A q-plate

was introduced into the setup and the output beam gives a vector Bessel beam and thereafter

a polarizer was inserted at several angles ranging between 0 and 2π with the output captured

accordingly.

4.2.2 Results and Discussion for generated Vector Bessel beams

The captured results are shown in Figure 4.5. The recorded beam is a donut beam

which indicates a singularity. This means, the beam carries an OAM that is yet to be verified.

Next a polarizer was introduced to generate the various polarization state, these states are
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Figure 4.4: Experimental setup for the generation of Vector Bessel-Gaussian beam using dig-
ital axicons. M-mirror, SLM-spatial light modulator, Pol-polarizer, QP-q-plate, A-aperture,
CCD-camera, Hene-Gaussian beam laser source.

Figure 4.5: vector Bessel Gaussian beam for l = 1 and l = −1, the input beam was a l = 0.

horizontal, vertical, diagonal and anti-diagonal as illustrated in Figure 4.6.

The generated beams were classified into radial and azimuthal polarization as shown

in Figure 4.7.

Next a half-wave plate was introduced alongside another q-plate to generate |−2, L〉+

|2, R〉 state with a l = 0 as the input state. With the correct combination of a q-plate and

a half wave plate, it is possible to generate higher order of VBBs, however due to the myr-

iad nature of the setup, the experiment was restricted to |−2, L〉 + |2, R〉. Furthermore, a
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Figure 4.6: The various polarization state of the generated vector Bessel-Gaussian beams as
captured by the CCD camera.

polarizer was introduced as in the case of |−1, L〉 + |1, R〉 state to generate the different

polarization state. Figure 4.9 is the captured polarization states, the polarizer was rotated

between 0 and 2π.

In real sense, the generated vector Bessel beam is a superposition of l = 1 and

l = −1 vector modes which have left and right circular polarization. Rotating the polarizer

between 0 and 2π gives a varying polar angle of the beam leading to a radially polarized

vector beam as shown in the first row of figure 4.7.
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Figure 4.7: Classification of the vector Bessel-Gaussian beams into radial and azimuthal
polarization.

Figure 4.8: The captured intensity profile of l = 2 state with a Gaussian beam as the initial
beam. Another half-wave plate and q-plate were included in the setup .

Similarly, when the polarizer is oriented at angle π, a phase offset is generated

shifting the phase of the beam by a half period thereby leading to azimuthal polarization

which is a tangential around the ring as described in cylindrical vector and vector fields beam

section (section 2.5 and 2.4 ). This is shown in the second row of Figure 4.7. The same

scheme can also be applied for higher order vector states. Both scenarios can be interchanged

easily if the orientation angle is swapped around which means that the superposition of the
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Figure 4.9: Different polarization state of the |−2, L〉+ |2, R〉 vector Bessel-Gaussian beam
defined by horizontal, diagonal, vertical and antidiagonal.

vector beams still gives a linear polarization due to the cylindrical symmetric nature of the

beams.

4.3 Modal decomposition of Vector Bessel-Gaussian

beams

In the case of vector Bessel beams, a quarter-wave plate was introduced. A quarter-

wave plate (QWP) is an optical device that converts a circularly polarized beam to a linearly

horizontal or vertically polarized beam depending on specific angles of the wave-plate. The

action of the QWP on the vector Bessel beams is to decompose the coupled left and right

circularly polarized beams into two independent scalar beams and the decomposition can be

done separately on both beams. Conceptually,

ψl = exp(ilψ) (4.6)
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with Jones matrix given as

ψl = 1√
2

1

i

 (4.7)

and the QWP denoted by L45 with Jones matrix

L± 45 = 1√
2

 1 ±i

±i 1

 (4.8)

so that

L+45 |1, H〉 = 1√
2

 1 ±i

±i 1


ψ1

i

 (4.9)

which after some algebraic manipulations gives

L−45 |1, H〉 = 1√
2
ψlC+ = |−1, L〉 (4.10)

Similarly for ψ−1

ψ−1 = exp(−ilψ) = L+45 |1, H〉 = 1√
2
ψlC− = |1, R〉 (4.11)

Equation 4.10 and 4.11 indicates the two independent left and right sided states.

With the aid of the quarter wave plate, modal decomposition can be implemented on both

states independently.

The setup for the modal decomposition is shown in Figure 4.10). The setup for the
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modal decomposition is similar to the scalar case, the difference is that , in the case of the

scalar Bessel beams, the q-plate and QWP were excluded. Here, the SLM is partitioned into

Figure 4.10: Setup for modal decomposition of the vector Bessel beams L1 = 200 mm,
L2 = 200 mm, L3 = 100 mm, L4 = 100 mm, L5 = 300 mm, QWP-quarter wave plate,
pol-polarizer,q-qplate, A-aperture used to seperate first diffraction order, SLM-spatial light
modulator, CCD-camera.

two, one part for generating the Bessel beams and the other for the modal decomposition.

The first 4f system was to image the Bessel beam plane into another plane so that the

second 4f system images the beam back into the second part of the SLM. The first SLM

was encoded with the transfer function of an Axicon with an extra helical phase, the second

SLM was encoded with the same function but with an opposite sign of phase. L5 was the

Fourier lens used for the inner product generation for the second SLM.

Firstly, the inner product measurement was also performed for the Bessel beam

without the QWP. Measurements were taken for topological l values rannging from 5 to −5.

L±45 scheme was implemented by rotating the QWP between −450 and +450 concurrently.

Here, L is the Jones matrix operator describing the action of the Quarter wave plate on the

super positioned state. The procedure was repeated for the values ranging between l = −5

and l = 5.
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4.3.1 Results for modal decomposition

The intensity plot of the detected vector BG is shown in Figure 4.11. the results are

similar to that of the scalar BG beams. Only input modes matching the implemented filter

gives a bright on-axis intensity. This is represented by the high peak in the graph otherwise

a zero intensity is observed. This is the zero mark shown in the graph. It can also observed

that −450 rotations of the quarter wave plate corresponds to l = 1 as in the case of scalar

Bessel beams as well as 450 rotation corresponds to l = 1. This is in agreement with that

obtained in the scalar Bessel beams.

Figure 4.11: Detection of Vector Bessel-Gaussian beams using a Quarter wave plate set at
−450 and 450.

4.4 Measurement of Vectorness of Bessel beams

Polarization involves electric field propagating in a single direction. Spatial polar-

ization on the other hand comprrises vertical and horizontal polarization. One basic feature

of vector beams is the coupling of polarization and spatial mode profile of the field. This

coupling describes vectorness of light beams i.e it is the degree of non-separability (a beam

with varying polarization over a traverse plane) of vector modes [McLaren et al., 2015].
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The coupling in a vector beams can be visualized as an entanglement of a quantum

system.The information contained in an entangled state has a dependence on its Hilbert

space (abstract vector space having the structure of an inner product allowing length and

angle measurement). The spatial mode profile of a photon contains an infinite number of

dimensions of Hilbert space. This implies that the quantum information carrying capacity of

photons is dependent on the degree of entanglement of optical fields [McLaren et al., (2014)].

Vector Bessel beams possess this coupling nature and there is a need to explore the possibility

of measuring this non-separability nature of these beams. Consider an electric field paraxial

vector describing a light beam given as:

E(t) = E0e
(iwt)Ψ(t) (4.12)

where the propagation is along the z-direction and w is the frequency. The unit vector field

with complex unit-amplitude can be written as:

Ψ(r, φ, z) =
√
aUR(r, φ, z)eR +

√
(1− a)UL(r, φ, z)eL (4.13)

Here, ′a′ is the relative weighting of the fields UR and UL. Equation 4.13 can be re-written

in the bra-ket format as:

|Ψ〉 =
√
a |UR〉 ⊗ |R〉+

√
(1− a) |UL〉 ⊗ |L〉 (4.14)

|UR〉 and |UL〉 are unit vectors in the Hilbert space describing the complex spatial field in

transversal plane. ⊗ symbol is the tensor product between the vectors and it enables the

description of the entangled state [McLaren, (2014)]. Now consider the case where a = 1
2
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and assuming the two modes |UR〉 and |UL〉 are orthogonal, it leads to a maximally entangled

state and in turn gives a pure vector field however in the case where a = 1 or 0, both modes

are the same and thus yields a scalar field. The amount of information contained in the

photon is much dependent on the basis in which the measurement of the quantum state is

done. For instance, a qubit system carries only two bits of information per photon whereas

a qudit system carries d bits of information [McLaren t al., (2012)].

4.4.1 Quantum Tomography with application to vectorness mea-

surement of Vector Bessel-Gaussian beams.

Quantum tomography involves the characterization of a quantum system using a

set of identical particles. The process reconstructs a quantum state from series of eigenbases.

The procedure can be visualized as scanning a 3-dimensional object from different angles

[Altepeter et al., (2005)]. In terms of measurement of vectorness (described in the previous

section), the tomography tool can be used to measure the vectorness of the generated vector

Bessel beams. The tool measures the coupling of the various polarization states with the

corresponding spatial input modes (OAMs) [Ndagano et al., (2015)]. The procedural imple-

mentation involves using two SLMs which in this case, The SLM was partitioned into two.

The OAMs in the form of holograms was encoded into SLM2 and the correlation filter as

obtainable in the case of modal decomposition is encoded into SLM1. Modal decomposition

is simultaneously performed for each of the polarization states as an on-axis intensity is

measured in each of the cases.
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4.5 Experimental setup for measure of vectorness

The experimental setup is similar to that of modal decomposition both for scalar

and vector case of the Bessel beam and is illustrated in Figure ??, the addition in this case is

Figure 4.12: Setup for the measure of vectorness of the vector Bessel beams using quantum
tomography L1 = 200 mm, L2 = 200 mm, L3 = 100 mm, L4 = 100 mm, L5 = 300 mm,
QWP-quarter wave plate, pol-polarizer,q-qplate, A-aperture used to seperate first diffraction
order, SLM-spatial light modulator, CCD-camera.

the inclusion of a half wave plate (HWP) for the measurement of the polarization state (hori-

zontal, vertical, diagonal and anti-diagonal) and a quarter wave plate (right and left circularly

polarization state). These optical devices (HWP and QWP) are inserted before SLM2. The

OAMs encoded on SLM2 consist of the superposition of |l = 1〉 + exp(iθ2) |l = −1〉 for the

first two holograms and the other four are the different orientations for θ2 = 0, π/2, π and

3π/2. In the second case of vector Bessel beams, a q-plate is introduced at position 1
2Zmax

to convert the scalar BG beams to vector BG beams before the quarter and half wave plates

are consequently introduced to select the corresponding polarization state. The position of

the quarter-wave plate is oriented at ±π/4rad and the half-wave plate oriented between the

angles 00 and subsequently at 22.50 for other polarization state measurement.

The tomography arrangement generates 36 measurements in the form of a 6X6

matrix. The measurement can thus be used to reconstruct the density matrix ρ = |Ψ〉 〈Ψ|
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and the vectorness can be calculated using the density matrix.

4.5.1 Results and Discussion for measure of vectorness

The 6 × 6 matrix generated from the tomography procedure for both scalar and

vector BG respectively are shown in Figure 4.13 as well the vector case It was observed that

Figure 4.13: Tomography generated matrix for scalar Bessel-Gaussian beams which describes
the coupling between polarization state and the corresponding OAMs.

in the case of the Scalar BG beams as illustrated in Figure 4.13, that for l = −1, it is all

zeros, this is due to the fact that there is no coupling between the OAM l = 1 and l = −1

and there can only be one OAM mode which is l = 1 having all 1s and no such mode as

l = −1. This is different in the case of Vector BG beam as illustrated in Figure 4.14). Since

there is a coupling of the state |1, L〉 + |−1, R〉 such that for the coupling of left and right

circular polarization with l = 1 and l = −1 OAM, an on-axis intensity and no-axis intensity

was observed in both cases, this is due to the correlation filter matching of the input modes

and the detecting modes.
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Figure 4.14: Experimentally measured tomographic matrix describing the coupling the 6
polarization state with the corresponding input OAMs for vector BG beams.

For the other inner product between the OAMs and polarization state leading to
1
2 intensity, it can be seen mathematically as:

〈1, H| (|1, H〉+ |1, V 〉) = 1√
2
〈H|H〉 (4.15)

So that the square of the absolute value yields a 1
2 , the value is almost the same for the others

as it is just a change of orientation of the holograms. However, in the vector case where there

is a zero intensity, this is due to the orientation becoming orthogonal in terms of the coupling

of the polarization state and OAM mode and thus gives a zero. The density matrix for the

scalar Bessel beam is shown below in Figure 4.15. The concurrence which is the measure of

the degree of non-separability is C = 0.05 ± 0.01 and fidelity which is the measure of the

how close the non-separability of the quantum states are is F = 0.06± 0.01. This is a clear

indication that the states in a scalar Bessel beam are not entangled or separable. this is due
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Figure 4.15: Density matrix describing the inner product ρ = |ψ〉 〈ψ| of scalar Bessel-
Gaussian beams.

Figure 4.16: Density matrix representation of vector Bessel beams describing the coupling
of l = 1 and l = −1 OAM modes.

to the fact that there is no coupling between −1 and 1 OAM mode. it was observed that

in the density matrix a region of high intensity, this correlates with the earlier result in the

70



tomographic representation with the on-axis intensity in the case of l = 1. Only one state is

represented at a time which is the l = 1 OAM mode.

The density matrix of vector case is shown in Figure 4.16). The concurrence and

fidelity are C = 0.76± 0.01 and F = 0.86± 0.01 respectively. These are obvious indication

that the coupled modes preserve non-separability tendencies and the closeness (fidelity) to

non-separability is adequate to describe the coupled state of the vector beam.

These measurements show an indication that the generated vector beam is good enough for

relevant application such as optical trapping and microscopy e.t.c.

4.6 Summary

Q-plates are birefringent optical devices that enables the coupling of spatial modes

of OAM and polarization states was introduced in this section, Quantum tomography as a

tool for measuring vectorness was also presented. Experiments for generation and detection

of Vector BBs were presented in this section as well. Due to the coupling of the −1 and

+1 OAM mode, a quarter wave plate is used to decompose the coupled mode into two

independent modes and modal decomposition implemented on both modes seperately. The

obtained result in the case of the detection is similar to the case of scalar Bessel beams as

expected. The obtained result in the vectorness measurement also indicates that the states

in the vector modes are entangled which is in correlation to theory as expected.
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Chapter 5

Conclusion and Future work

5.1 Introduction

The results obtained in this research work are presented in this section. Generation

and detection of scalar beams were firstly presented. This is followed by generation and

detection of vector Bessel beams and finally the measure of vectorness are presented.

5.2 Conclusion

This research work was focused on generating and detecting vector Bessel beams.

Firstly scalar beams were generated using the phase of an Axicon. The scalar Bessel beams

were generated at propagating distance ≈ 14 cm using an Axicon angle of 0.20 with a beam

waist of 0.5 mm. The obtained zero order beam was a bright spot on-axis intensity beam.

The higher order Bessel beams was a donut beam with a dark spot which depicts the vorticity

of the beam. A polarizer was used to analyze the polarization state of the scalar beams and

it was observed that the spatial position of the beams remain unchanged which indicates

the partial nature of the scalar beams. Using a two partitioned spatial light modulator,

modal decomposition was implemented on the scalar beams. When the input OAM of l = 1

matches the correlation filter that was encoded on the other part of the SLM, a bright on-

axis intensity was captured at the CCD camera. In the case where there is a mismatch, a
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null on-axis was captured by the CCD.

In terms of vector Bessel beam generation, a q-plate was introduced at the point

where the scalar beams were formed. The vector beams is a donut beam like that of the higher

order scalar Bessel beam with a coupling of |−1, L〉+ |1, R〉 OAM modes. A |−2, L〉+ |2, R〉

vector Bessel beam was also generated with the introduction of another q-plate and a half

wave plate. Regarding the detection of the vector Bessel beams, a quarter wave plate tuned

at ±450 was used to decompose the coupled beam into two independent linearly polarized

beams and the modal decomposition performed on both beams seperately. The obtained

results are similar to that of the scalar beams such that l = 1 mode corresponds to 450 and

l = −1 OAM modes correlates with −450 angle orientation of the quarter wave plate.

Finally, The measure of vectorness was explored using quantum tomography tool.

The density matrix was reconstructed from the measurement obtained from the state tomog-

raphy. The density matrix is used to calculate the concurrence and Fidelity. The value of

concurrence which is the measure of non-separability of the vector modes and fidelity which

is the measure of the closeness of the non-separability were found to be C = 0.76± 0.01 and

F = 0.86± 0.01.

Most researches that have been done on generation of vector Bessel beams was by

annular slits. The digital Axicon and q-plate technique implemented in this research also

provide an effective way of generating vector Bessel beams. The measure of vectorness was

an extension of the research in comparison with other research that has been done in the

area of vector Bessel beams.
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5.3 Future Work

Concerning future research work, application of the generated Bessel-Gaussian

beams particularly to optical trapping of microbial particles a would be considered. Brief

concept of the application of vector Bessel beams to trapping is described in the next section.

5.3.1 Application of vector Bessel beams to optical turbulence

Optical turbulence (OT) is one area that has received significant attention recently.

vector beams are assumed to fare better in atmospheric turbulence.

5.3.2 Problem statement

The atmosphere which naturally contains moisture and temperature gradients leads

to turbulent motion. The effect of this motion creates disturbances in the atmosphere’s

refractive index. Optical turbulence (OT) on the other hand is described by the atmospheric

refractive index in the form of cells usually referred to as optical tubules. OT occurs as a

result of the fluctuation in the refractive index from temperature changes. Slight stochastic

variation of atmospheric refractive can lead to an observable effect on the optical wave in

terms of intensity and phase aberrations [Hagelin, Susanna, et al., (2008)].

Although, these distortions may be very small in size but its cumulative effect is

enormous after long distance propagation. Generally, as the altitude increases in the atmo-

sphere, the result is a decrease in temperature and less pressure on the mass of air which

affects the expansion of the air. The situation reverses when the height of the atmosphere de-

creases. With the motion of air mass or wind in the atmosphere, there is a significant increase
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in turbulence due to temperature fluctuations and the effect can be compounded if there is in-

creased the friction of air mass [Juarez, C., David M. and David W., (2013)]. Understanding

how beams behave when propagating through turbulence gives an insight into the behaviour

of waves during free space and wireless communications and possibly understand how the

inefficiencies can be managed. A couple of studies that have been done in this area involves

simulations and not actual experimental procedure [Chen, B., Chen, Z. and Pu, J., (2008),

Eyyuboğlu, H. T., (2007), Qin, Zhiyuan, et al., (2014)]. The proposed study adopts a sim-

ple experimental approach.

5.3.3 Background

Consider a propagating Gaussian beam with waist w0, the introduction of the

variable refractive index along the path of the beam causes abnormalities such as wave front

deflections and lensing effects (bending of light passing through the lens). The effects might

seem very insignificant but cumulatively causes enormous wave-vector spreading of the beam

[Gopaul, C., and R. Andrews, (2007)].

Furthermore, considering the Fried parameter and its relationship with the beam

waist which is expressed as
w0

r0
= (wle/wdl)− 1

3.0 (5.1)

Where wle and wdl are the non-diffractive and long-exposure of the far-field radius of the

broadened optical field. The Fried parameter r0 is given as

r0 = 3.02(k2LC2
n)−3/5 (5.2)
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With k been the usual wave-vector number of wavelength given as k = 2π
λ

, L is the

propagation length and C2
n been the refractive index structure constant which describes the

strength of the refractive index anomalies. Usual values of the structure constant ranges

between 1017 to 1014 m2/3 for mild conditions and strong turbulent conditions respectively.

The constant parameter is high within a short distance above sea level and drops quickly as

height increases [Andrews, L. and Phillips, R., (2005)].
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